ON THE RELAXATION OF FUNCTIONALS WITH CONTACT TERMS ON
NON-SMOOTH DOMAINS

RICCARDO CRISTOFERI, GIOVANNI GRAVINA

ABSTRACT. We provide the integral representation formula for the relaxation in BV (Q;R™)
with respect to strong convergence in L'(Q;RM) of a functional with a boundary contact
energy term. This characterization is valid for a large class of surface energy densities, and for
domains satisfying mild regularity assumptions. Motivated by some classical examples where
lower semicontinuity fails, we analyze the extent to which the geometry of the set enters the
relaxation procedure.
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1. INTRODUCTION

Contact energies play an important role in numerous physical and industrial applications,
where boundary effects are modeled by a surface integral of the form

/{m 7(z, Tru(z)) dHN L. (1)

An important example can be found in the context of the van der Waals—Cahn—Hilliard theory
of liquid-liquid phase transitions (see 7] and [20]), where it is customary to consider a contact
term as in (1) together with a competing bulk energy. A prototype for the energy functionals
studied in this case (see [25]) is given by

F(u) == o|Du|(Q2) + /89 (@, Tru(z)) dHN L (2)
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Here Q is a bounded open subset of RY with Lipschitz continuous boundary, Tr denotes the
trace operator on 02, and HN~! is the N — 1-dimensional Hausdorff measure. Moreover, the
phase variable u € BV (Q) represents the density of the fluid (see Subsection 2.1), o is a positive
constant, and 7: 92 x R — R is a given function that encodes the energetic interaction per unit
area with the boundary of the container €). An energy of this form was considered by Modica
(see Proposition 1.2 in [25]), who proved that the functional F is lower semicontinuous in BV (2)
with respect to the strong topology of L(§), provided the following assumptions are satisfied:

(H.1) the domain € is of class C11;

(H.2) the density function 7 satisfies

[7(x,p) = 7(z,q)| < olp—q
for all z € 02 and for all p,q € R.

Additionally, Modica showed that F may fail to be lower semicontinuous if €2 is only a Lipschitz
domain, or if the Lipschitz constant of 7 is strictly larger than o. This was accomplished with
the following two strikingly simple examples (see Remark 1.3 in [25]).
(E.1) Let Q= (0,1)2, 0 = 1, and 7(z,p) := Ap with A\ < —/2/2. For n € N, let u,, be defined
via
. 1
(21, 2) = 0 ifzy+x2>,
n ifzr+a< %
Then, as one can readily check, u, — 0 in L'(Q) and F(u,) = v2 — 2\ < 0 = F(0).
(E.2) Let Q:={x € R?:|z| < 1}, 0 = 1, and 7(=,p) := A|p| with A > 1. For n € N, let u,, be
defined via
Up (z) == min{|z|, (n — 1)(1 — |z|)}.
Then u, — v in L'(Q) where u(z) = |z|, and by means of a direct computation we see
that F(u,) — F(u) - 2(1 —X) <0.
Motivated by these observations, the aim of this paper is to obtain an integral representation
formula for the lower semicontinuous envelope of F when the hypothesis in (H.1) and (H.2)
are significantly weakened. In particular, we show that for a large class of domains (see Def-
inition 1.1), the roughness of the set is reflected in a growth condition for 7, but poses no
additional restriction on the regularity than the one required in (H.2). Thus, our work provides
with the precise understanding of the interaction between the regularity of the domain and the
assumptions on the density 7 in the relaxation procedure. We refer to Theorem 1.4 for the exact
statement of our results.

Regarding (H.1), let us remark that while Modica’s result is stated for C' domains, to the
best of our understanding, the proof presented actually requires the set to be of class C1! in
order to show lower semicontinuity along sequences which are not uniformly bounded in BV ().
Further insight is provided by comparing the proof of Proposition 3.1 with the first step in the
proof of Proposition 3.2.

It is worth noting that the study of conditions ensuring the lower semicontinuity of en-
ergy functionals with contact terms is of particular interest also in capillarity problems (for
an overview on the mathematical study of capillarity phenomena see, for instance, [11]). Here
we only mention the contributions that are closer to the spirit of this work. In the classical
paper [9], Emmer considered the energy functional

C(u) = / 1+ |Dul? +/ u?(z) dz + 1// Tru(z) dHY 1, (3)
Q Q a0
defined for v € BV (2), and established existence of a solution to the minimization problem for

C under the condition that )

1+ L3

v <

(4)
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where Lgq is the Lipschitz constant of 2. Notice that the first bulk contribution on the right-
hand side of (3) is the classical non parametric area functional, which is defined via

/Q\/m = sup { /Q(@o(x) + u(z)divep(x)) dr

N
(60 ) € CX(BRY) and 3 i(a)? < 1}.
i=0
Furthermore, we recall that for N = 2 minimizers of the energy C correspond to capillary surfaces
meeting the boundary of the container at an angle 6, determined by the relation ¥ = — cos 6.
As previously remarked by Finn and Gerhardt (see [12]), the condition identified by Emmer is
rather restrictive and forbids the treatment of several cases where the existence of a solution can
be predicted on the basis of physical arguments. In particular, while (4) correctly reveals that
corner singularities on the boundary of the domain may pose an obstruction to the existence of
solutions, one expects a qualitatively different result for small and large included angles, that
is, depending on whether the tip of the corner points outside or inside the domain, respectively.
This is the central issue addressed in [12], where the authors proved existence of minimizers for
Lipschitz domains satisfying an interior ball condition. A refinement of this result was obtained
by Tamanini in [29]. Comparable results to those of Finn and Gerhardt were also obtained by
Giusti in [18]|, where the author extended the study of the capillarity problem to the case of
mixed boundary conditions on two relatively open subsets of 0.
Finally, the parametric case, namely the study of the functional

Cp(E) = (1 - N)[DLp|(Q) + ADLg|(RY) + /E pl)de,

where E C RY is a set of finite perimeter, € is a Lipschitz domain, and p € L'(£2), was treated
by Massari and Pepe in [24] (for the case of three fluids, see [23]). In this framework the existence
of a solution of the volume constrained minimization problem for Cp was established under the
assumption that A € [0,1]. This condition is in accordance with (H.2).

More recently, Fonseca and Leoni in [13] considered the energy functional
G(u) = / h(z,u(z), Vu(z)) dz —l—/ 7(z, Tru(z)) dHN 1,
Q o0

defined for vector-valued functions u € Wh1(Q;RM) and proved an integral representation
formula for its relaxation in BV (Q; RM). The main assumptions required on h are that h(z,u, -)
is quasiconvex and satisfies a linear growth condition of the form

g(z,p)|¢] < h(z,p, &) < Cg(x,p)(1+[¢])

for every x € Q, p € RM and ¢ € RM*N | Furthermore, 7 € C(Q x RM) N C1(Q x RM) is such
that

Vo7 (z,p)| < g(x,p) (5)
for all z € Q and all p € RM. Notice that in this general framework condition (5) plays the
role of (H.2). Additionally, their proof hinges on an a Gauss—Green formula (see Lemma 2.1 in
[13]; see also Lemma 2.13 below) which is shown to hold for regular domains with boundary of
class C?, and allows to rewrite the boundary term as a bulk contribution. The newly obtained
problem can be then treated with the techniques developed in [15] and [16] (see also [1]).

We also mention here that in 6], Bouchitté, Fonseca, and Mascarenhas obtained an integral
representation formula for the relaxation in BV of a functional which comprises of a general
bulk term and an interfacial energy on a fixed hypersurface ¥ C Q. The surface densities consid-
ered in [6] are nonnegative and satisfy a certain growth condition, in addition to mild regularity
assumptions. Moreover, these are allowed to take the value 400 to include in the theory the
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treatment of variational problems with constraints.

To the best of our knowledge, what is missing in the literature is a study of the relaxation of the
functional F (see (2)) when the contact energy 7 is possibly unbounded from below and fails to
satisfy (H.2). This issue is addressed in the present paper. In addition, as illustrated by Modica’s
example (E.1) and by the several conditions suggested for the study of capillary surfaces, for the
energies we consider, various local properties of 92 must also affect the relaxation procedure.
Prior to this work, the interaction of these effects has not been investigated in a framework
where lower semicontinuity fails.

In our main result (see Theorem 1.4), we consider the case where the boundary of the domain
Q is almost of class C, i.e., of class C! outside of a closed subset of #¥~! measure zero, and
the contact energy 7 is only Carathéodory (or even a normal integrand, see Subsection 5.1). We
then obtain an integral representation formula for the effective energy F, that is, the relaxed
functional associated to F, under the assumption that 7 satisfies a lower bound which encodes
a geometric restriction. This condition can be seen as a natural generalization of that identified
by Giusti in [18].

1.1. Statement of the main result. Let  be a bounded open subset of RV, N > 2, with
Lipschitz continuous boundary. Furthermore, let o be a positive constant and 7: 9Q x RM —
[—00,00) a given Carathéodory function, M > 1. In the following, we assume that there are
two nonnegative functions ¢, L such that ¢ € L1(9Q), L is continuous, and

7(z,p) = —c(z) — L(z)|p| (6)
for HV"1-a.e. x € 0Q and for all p € RM. We then define

0/ Vu(x)\da:—i—/ 7(x, Tru(z)) dHY 1 if w € WHL(Q;RM),
Fluy={ ' on g

00 otherwise in L'(Q;RM).

Here and in the following we use Tr to denote the trace operator on 9€2. Before we proceed, let
us remark that F is well defined and furthermore F: L'(€;RM) — (—o0,cc]. Indeed, since the
trace space of W1 (Q; RM) can be identified with L'(9Q;RM), from (6) we readily see that

Flu) > /a r Tru(e)) a2 elon 1Ll ooy /a Tru(@)] ai > oo,

However, since we do not prescribe any control on 7 from above, it is worth noting that F is
not necessarily finite on W1 (Q;RM). To see this, consider for example 7(x,p) == |p|?>. Then
F(u) = oo for every u € WH1(Q; RM) such that Tru € L1(9Q; RM) \ L2(99; RM).

As previously remarked (see (E.1) and (E.2)), without additional assumptions on 92 and T,
the functional F fails, in general, to be lower semicontinuous with respect to the strong topology
of LY(Q;RM). Thus, we are lead to consider the relaxed functional F: L'(Q;RM) — [—oo0, 00|,
which is classically defined via

F(u) = inf {lim inf F(up) : up, — u in Ll(Q;RM)} . (8)
n—oo

The main purpose of this paper is to provide an integral representation formula for 7. To
this end, consider

7(z,p) = inf {T(ﬂ:, q)+olp—ql:qe RM} , (9)

and observe that if || L|| 1o 90y < o then (9) defines a Carathéodory function on 9Q x RM which

also satisfies the lower bound (6). Furthermore, notice that for ¥ !-a.e. 2 € 99, the function
#(z,-): RM — R coincides with the so-called o-Yosida transform of 7(z,-), and corresponds
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therefore to the greatest o-Lipschitz function below 7(z,-). Thus, we define

o|Du|(Q2) + /asz (o, Tru(z)) dHN ™ if u € BV(Q;RM), w0
10

00 otherwise in L!(£; RM).

H(u) =

Before we state our main result, we give two definitions. The first is that of open set with
boundary almost of class C! (compare it with the definition in Section 9.3 of [22]).

Definition 1.1. Let © be an open subset of RY. We say that 0 is almost of class C' if it is
Lipschitz continuous and there exists a closed set S C 02 such that

HNTH(S) =0,
and with the property that for every z € 9Q\ S there exist R > 0,7 € {1,..., N}, and a function
f: RN~ 5 R of class C' such that either
QN B(z,R)={z € B(2,R) : z; > f(})}
or
QONB(z,R)={z € B(2,R) : x; < f(a})},

where z is the point of RYN~1 obtained by removing the i-th entry, namely x;, from z.

Remark 1.2. Note that the class of open sets given in Definition 1.1 includes all Lipschitz
domains with boundary piecewise of class C'!. Indeed, this subclass corresponds to case where
the singular set S satisfies HV~2(S) < oo.

Next, we introduce the object that encodes the influence of the geometry of Q (see Definition
1 in [3]; see also [18]).

Definition 1.3. Let Q be an open subset of RY with Lipschitz continuous boundary. For
r € 010, we define

1
z) = lim sup{ ————— [ 1g(z)dH™"':EC B(z,p), LY(E) >0, |D1 Q<oo},
onte) = tm swp{ 5t [ 1u@) (@.p). £Y(E) >0, |DL4|(®)

where 15 denotes the characteristic function of the set E.

Our main result reads as follows.

Theorem 1.4. Let Q be an open bounded subset of RN with Lipschitz continuous boundary.
Given a nonnegative function ¢ € L*(02), o > 0, and a continuous function L: 0Q — [0, 00)
such that ||L|| 190y < o, let 7: 99 x RM — [—00,00) be a Carathéodory function as in (6).
Moreover, let F, F, and H be given as in (7), (8), and (10), respectively. Assume furthermore
that
F(a) < oo (11)
for some @ € WHH(Q; RM). Then, the following statements hold:
(1) if O is of class C*' then F(u) = H(u) for all u € BV (Q;RM);
(ii) if OQ is almost of class C' and there exists eg > 0 such that
L(z)goa(z) < (1 —2¢0)0 (12)
holds for all x € 09, then F(u) = H(u) for all u € L'(Q;RM).
Remark 1.5. In Subsection 5.1 we present an important extension of Theorem 1.4 that allows us
to consider surface densities 7 which are not necessarily continuous in the second variable. To be
precise, under a mild integrability condition, we prove a representation formula for the relaxation

in BV of the functional F when 7 is a Borel function which is only upper semicontinuous as a
function of the variable p.
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1.2. Discussion of the assumptions and additional remarks. Let us now comment on the
main assumptions in Theorem 1.4. We begin by observing that the local behavior of 02 enters
the relaxation procedure through condition (12). This in turn can be understood as a restriction
on L, and therefore (see (6)) on the class of surface densities for which the representation formula

F=#

holds. It is important to notice, however, that the geometry of the set has no effect on the
regularization parameter in the Yosida transform 7 (see (9)).

Additionally, we note that condition (12) is required in order to apply the weighted trace
inequality

/ o(@)|Tru(@)] dHN 1 < (1 — £)|Dul() +c/ lu(a)] da,
o0 Q

which holds for every v € BV (Q; RM) provided that, for € > 0, the function s: 9Q — [0, 00) is
continuous and satisfies

s(z)qon(r) <1 - 2e. (13)
Here C is a positive constant which only depends on €, ¢, and s. Compare, indeed, (12)
with (13). This trace inequality was first obtained by Giusti (see Lemma 1.2 in [18]; see also
Lemma 2.11 below) and constitutes one of the key tools in our proof of the liminf inequality. It
is worth noting also that for domains with boundary of class C*! we use a sharper version of
this inequality (see Theorem 2.14) which, roughly speaking, allows to take g = 0 in (12). We
refer to Remark 2.15 for more details.

Next, we observe that the lower bound (6), together with the assumption that || L[| a0) < o,

is in some sense optimal in order to have a nontrivial result. Indeed, assume that 7: 9Q x RM —
R is a Carathéodory function such that

essinf lim inf 7(x.p)
€9 |pl—ooo ||

< —o0.

Then, as one can readily check, for each u € L'(Q; RM) it is possible to find a sequence {u, }nen
of functions in WLI(Q;Ri/I) with u, — u in L'(Q;RM) and such that F(u,) — —oco. In par-
ticular, this implies that F = —oc.

It is interesting to observe that in general there is no compactness for energy bounded se-
quences. Indeed, if for instance 7 is bounded from above, the sequence given by functions of the
form u, = n, for n € N, has uniformly bounded energy, but no convergent subsequence. A more
critical loss of compactness in BV occurs if the inequality || L1 @0y < o fails to be strict. To
see this, fix N =M =1, 0 = 1, and consider Q := (0,1) and 7(z,p) := p. For n € N, let u,, be
defined via

logx for x € (%, 1) ,
Up(x) =
log% for x € (O, %) .

Then u,, € W1(0,1) and by means of a direct computation we see that
1
Flua) = [ (@) do + un(1) + 1 (0) = 0.
0

In particular, since u, — log in L'(0,1), this shows that F can be finite even for functions in
L'(0,1) \ BV(0,1). For this reason, in the case of domains with boundary of class C!, we
only provide an integral representation in BV (€;RM). We remark, however, that condition
(12) allows us to obtain a uniform bound on the gradients of energy bounded sequences. This
is achieved in Lemma 3.3 and prevents the situation described above from happening. Hence,
in this case we can show that the representation formula F = # holds in L'(€; RM).
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Finally, it is natural to ask whether a similar analysis can be carried out for general Lipschitz
domains. We plan to address this question in a forthcoming paper. A partial result in this
direction, which requires a rather stringent (but classical) condition on the contact energy 7, is
presented in Proposition 5.3. We refer to Remark 5.4 for more details.

1.3. Plan of the paper. The paper is organized as follows. In Section 2 we introduce the
relevant notation and present a series of useful technical results that will be needed throughout
the paper. Particularly important for our purposes are the sharp trace inequalities presented in
Subsection 2.2. We mention here Theorem 2.14 and Lemma 2.11, which will be used in Section 3
to prove the liminf inequality in the case of domains with boundary of class C%! and almost of
class C'!, respectively. Section 4 is entirely devoted to the proof of the limsup inequality. Finally,
in Section 5 we prove two variants of Theorem 1.4. In Subsection 5.1 we show that, under very
mild additional integrability assumptions, the techniques presented can be adapted to include
surface densities 7 which are not necessarily continuous in the second variable. In Subsection 5.2
we discuss the possibility of extending our analysis to general Lipschitz domains. To be precise,
we show that the relaxed energy F is a lower semicontinuous extension of F in BV (Q;RM) by
assuming a rather stringent Lipschitz condition on the function 7.

2. PRELIMINARY RESULTS

The purpose of this section is to collect some of the definitions, tools, and technical results
that will be used throughout the paper, as well as to introduce most of the relevant notation.

2.1. Functions of bounded variation. We begin by recalling basic definitions and properties
of functions of bounded variation. A detailed treatment of these topics can be found, for example,
in the monographs [2], [10], and [19].

Definition 2.1. Let u € L'(Q;RM). We say that u is of bounded variation in Q if its distribu-
tional derivative Du is a finite matrix-valued Radon measure on €2, i.e., if

|Dul(Q) = sup{Z/ )(dive)'(z) dz = @ € C° (G RM*N) (x| < 1} < 0.

We write BV (€; RM) to denote the vector space of functions of bounded variation in €.

We recall below the definition of strict convergence in BV (€; RM). Used in conjunction with
a smoothing argument, this notion of convergence will prove useful throughout the rest of the
paper to infer the counterpart in BV (€; RM) to several identities for Sobolev functions.

Definition 2.2. Let u € BV (£;RM). We say that a sequence {uy }nen C BV (Q; RM) converges
strictly in BV (;RM) to w if u,, — w in LY(Q;RM) and |Du,|(R2) — |Du|(R).

Theorem 2.3. Let Q be a bounded open subset of RN with Lipschitz continuous boundary. Then
there exists a continuous linear operator

Tr: BV (Q;RY) — L1(09; RM)
with the following properties:

(i) Tru =wu on O for all u € BV (Q;RM) N C(Q;RM);
(ii) for allu € BV (;RM) and p € COL(RN; RY)

/a (p(o) - von@) Tru(o) dHV ! = /Q o(z) - dDu(z) + /Q divp(a)u(z) de,

where vy denotes the outer unit normal vector to OS).

The next result is a slight refinement of a well-known theorem by Gagliardo (see [17]) con-
cerning the surjectivity of the trace operator.
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Theorem 2.4. Let Q) be a bounded open subset of RN with Lipschitz continuous boundary. Then,
for every € > 0 there exists a constant C > 0 such that for every g € L*(0;RM) we can find a
function w € WHL(Q; RM) having trace g on 0Q and such that

N—1

/Q|w(x>dx36/mrg<x>|d% ,

‘/Nmmm40/|MMMW1
Q o0

Moreover, if in addition OS) is either of class C, or almost of class C' (in the sense of Defini-
tion 1.1), we can take C =1+ €.

As also previously explained in [19] (see Theorem 2.16 and Remark 2.17), Theorem 2.4 can
be obtained by first constructing an explicit extension of the boundary value g in the special
case where 02 is a hyperplane, and conclude in the general case by standard localization and
flattening arguments based on a suitably defined partition of unity. While the assertions of
Theorem 2.4 are well known to all specialists in the field, to the best of our knowledge a proof of
this extension theorem in the present setting is not available in the literature. Since this result is
pivotal to our construction of a recovery sequence, such proof is included here for completeness.
Following the strategy outlined above, we will make use of the following result, for a proof of
which we refer the reader to Proposition 2.15 in [19].

Proposition 2.5. Let By_1(0', R) denote the ball of radius R centered at the origin of RVN~!
and let g be a function in L'(By_1(0/, R); RM) with compact support. For every e > 0 there
exists a function w € WH(By_1(0/, R) x (0, R); RM) with trace g on By_1(0', R) and such that

/ ()| dx < ¢ / lg(a)| MY,

Bn-1(0/,R)x(0,R) Bn-1(0',R)

/ Vula)ldr < (@ +2) [ lg(a) | dHN .
Bn_1(0,R)x(0,R) Byn-1(0/,R)

Before we proceed with the proof of Theorem 2.4, let us mention that here and in the following,
given a set £ C RY and a finite collection of open sets {U;};cr such that E C Uicr Ui, we say
that the family of functions {v;};cs is a partition of unity on E subordinated to the covering
{Ui}ier if ¥; € CH(U;;[0,1]) for each i € I and furthermore

> ile) =1
1€l
for each = € FE.
Proof of Theorem 2.4. We divide the proof into several steps.

Step 1: Assume first that 99 is of class C'. Then, for every z € 9 we can find an open set
U., z € U,, a rigid motion ¢, : RN — RY and a function f,: R¥V=! — R of class C! with

fz(ol) =0, sz(()/) =0 (14)

such that
e(QNU.) ={y=(¥,t) € p:(U.) : ¥ € U and t > f.(y')},

where U. C R¥~! is an open neighborhood of 0. Moreover, let ¥, : RN — RY be defined via

\Ijz(yl7 t) = (y/7 t— fz(y/))7
and set

P (z) = V.(p:(2)).

Notice that ®,: RN — R¥ is Lipschitz continuous, one-to-one, and that |det V&, (z)| = 1 for
every € RY. Let p > 0 be given and let R, > 0 be such that

mm{wﬂ@m:yeawngg}gm (15)
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and
-1 (By_1(0,R.) x (—R., R.)) C U..

Since 0 is compact, we can find z!,..., z2F € 9Q with the property that

k
o c | Jv,
i=1
where
V= (I);-l (BN_I(O,,RZZ') X (—Rzi,Rzi)) .
To keep the notation as simple as possible, throughout the rest of the proof we set ®; = @,

fi = f.i, and use a similar convention whenever applicable. Let {1;},<) be a partition of unity
on 9N subordinated to the covering {V;};<x. Furthermore, let g; := ;g and set

vily') = (@71 (¥, 0)). (16)

Then v; € LY(By_1(0/, R;); RM) and has compact support. Thus, we are in a position to apply
Proposition 2.5 for n > 0, chosen in such a way that

maX{HV%HLm(WRw) i < k} g2 < 1. (17)
To be precise, for every i € {1,...,k}, we can find w; € WV (By_1(0/, R;) x (0, R;); RM) such
that
/ wilo)lda < | o) aHY T, (18)
Bn_1(0/,R;)x(0,R;) Bn_1(0',R;)
/ Vailo)lda < (1+7) [ oy aHN (19)
BN_l(OI,Ri)X(O,Ri) BN_1(0’7Ri)
Finally, set
k
= hi(a)wi(P(x)).
i=1

The remainder of this step is dedicated to proving that w has all the desired properties. Indeed,
as one can readily check, Trw = g on 9€2. Moreover, the change of variables ®;(x) = ¢, together
with (16) and (18), yields

w(z)| dz < / wig)] dg
/ Z Bn_1(0",R;) R;)

< vi(y dHN !
Z B (0, \ )]
< Z [ OO IRRGIP
By —1(
= / o) ¥ (20)
o0
For z € QNV;, let Wi(z) = w;(®;(x)). We claim that for £LV-a.e. z € QNV; we have
[VWi(z)| < Cp| Vwi(®(x))], (21)
where
Cpi=+/1+(N—1)p+ (N —1)p2. (22)

Since @; := U; o @;, where ¢; is a fixed rigid motion, it is enough to show that

[Vai(y)| < Cp|Vwi(¥i(y))|
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for LN-a.e. y € 0;(QNV;), where @;(y) == w;(¥;(y)). To see this, we begin by observing that
for all j € {1,..., N} and for LV-a.e. y € <pi(Q nV;)

OQn 8%

8y]

Moreover, as one can readily check, the expression above can be rewritten as

ow; ow; afz
Yj ow; e
’ Fay YW if j = N.

Thus, by Young’s inequality and (15), for all j € {1,...,N —1} and LN-a.e. y € p;(Q2NV;) we
have that

ow; , |* | ow 2 afi P ows 2 ow; af; . Ow;
ome)| < |G| + [ w| | S | +2 |G g w g )
) 2 W 2
<+ )| 32w + o+ ) [ 3w
and therefore, we obtain
o N ew, P Ko, |
e =3 3 [gH0] +3 )
N N-1 awz 2 ) 8wl 2 N awl 2
DR )Gk + o )| G wiw) + 3 | g (V0
N N-1 w 2 Ow: 2
=3 Y0 |G| Do (V= ek (V= 1)) | S ()
i=1 j=1 i=1

<1+ (N =Dp+ (N = 1)p°) [V (B (y)) .
This concludes the proof of (21). Since

/|Vw |dx<2/ OIC |dm+2/ @@ (23)

reasoning as in (20) and thanks to our choice of 7 (see (17)), we deduce that
k k
Z/Q y Vi ()| [wi(®())| do < maXHV%(x)HLoo(w;RN)Z/ Iwi(@(ﬂf))!dﬂc
i=1 780V ‘ Vi
< g |90 e | loGe)] an !

<2 /8 lofa)| (24)

Moreover, it follows from (21) that

Z/ wz )\ VWi(2)| da < C, Z/ ‘sz 2))| dz
<Gy Z/B [Vwi(g)] dq

N_1(0/,R;)x (0,R;)
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k
<Ci+my /B i (y/)| AN
=1

~N-1(0",Ri)
<Ci+) [ lafa)|an, (25)
where in the second to last inequality we have used (19). Combining (23), (24), and (25) yields
[ vl < @2 cpa ) [ at@an (26)

Finally, given € > 0, from (20) and (26) we deduce that to conclude it is enough to choose p and
7 in such a way that n < e and 7'/2 + C,(1 +1) < 1+ ¢ (see (22) for the definition of C,).
Step 2: If 0Q is Lipschitz continuous, the proof requires only minimal changes. Indeed, observe
that since §2 is bounded, there exists a constant Lgg > 0 such that for every z € 9 we can find
a set of local coordinates and a Lipschitz continuous function f, with Lipf, < Lgqo such that
0 coincides with the graph of f, in the new coordinate system. To be precise, it suffices to
proceed as in the previous step, with the exception that we do not require that V£,(0") = 0" in
(14), and by selecting a rigid motion ¢, in such a way that

HvfzHLOC(BN,l(O’,RZ);RNfl) < Lpq.

This estimate is then used in place of (15).

Step 3: Suppose now that 02 is almost of class C' and let S be as in Definition 1.1. Given
€ > 0, let v be a positive constant, which we choose later. Reasoning as in the proof of Theorem
9.6 in [22], we can find a countable subset of S, namely {z, }nen C S, such that

S C Bry = U B(Znafyn)a
neN

where each of the 7, is chosen in such a way that (up to a rotation) 9€2 coincides with the graph
of a Lipschitz function f, in B(z,,7,) with Lipf, < L, and furthermore

d o<y (27)
neN
On the other hand, for every z € 9Q\ S we can find ®,, f., and R, as in Step 1, in such a way
that (15) holds with p = £/2. Notice that
00cB,U | J @ '(By-a(0,R.) x (—R., R2)).
2€00\S

Thus, extracting a finite subcover of 9€) and arguing as in the previous steps, we can find a
function w, with trace g on 9€) such that

[ tuntolar <= [ jgta|an
Q o0
and

/ V(@) do < (14 2) / lg(a)| dHN T+ © (@) dHN

Q 27 Joa 89N,

Notice that the constant C, given as in the previous step, depends only on 9€) through Lyq, and
in particular is independent of 7. To conclude, it is enough to notice that since HN~! (0QNB,y) —
0 as vy — 0 (see (27)),

¢ [ le@lan <5 [ gta)lant
008, 2 Joa

for all ~ sufficiently small. This concludes the proof. U

Next, we recall two approximation results.
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Lemma 2.6. Let Q be a bounded open subset of RN with Lipschitz continuous boundary. Then,
for every u € BV (S;RM) there exists a sequence {up}nen of functions in WH1(Q;RM) N
C (G RM) such that Tru,, — Tru in L*(0Q;RM) and u,, — u strictly in BV (Q;RM).

Lemma 2.7. Let Q be a bounded open subset of RN with Lipschitz continuous boundary. Then,
for every u € BV (S;RM) there exists a sequence {up}nen of functions in WH(Q; RM) such
that Tru, = Tru and u, — u strictly in BV (Q; RM).

For a proof of Lemma 2.6 we refer to Remark 3.22 and Theorem 3.88 in [2|; Lemma 2.7
corresponds to Lemma 2.5 in [5].

The following result is due to Bouchitté, Fonseca, and Mascarenhas (see Lemma 2.1 in [6]),
and is of key importance in our construction of a recovery sequence. We report here the proof
for the reader’s convenience.

Lemma 2.8. Let Q be a bounded open subset of RN and assume that O is almost of class C*.
Then, for every u € BV (;RM) and every p € L*(02; RM), there exists a sequence {un }nen of
functions in WH(Q; RM) such that Tru, = p, up, — w in L'(QRM), and

limsup/ |Vun(x)| de < |Du|(92) -l—/ Ip(z) — Tru(z)| dHN L.
n—oo JQ o

Proof. Set g := p — Tru. Then, by Theorem 2.4, for every n € N we can find a function
wy, € WH(Q; RM) such that Trw, = g and furthermore

[ rw@lde < [ jotw)ant,
Vua(@lde < (142) [ lg(a)an¥ .
J () L

Moreover, Lemma 2.7 gives the existence of a sequence {v, peny € WHH(Q;RM) with Trov, =
Tru and such that v, — u strictly in BV (;RM). Set u,, == v, +wy,. Then u, € WH1(Q;RM),
Tru, = p, and furthermore

limsup/ |V, (x )|dm<hmsup/ Vo, (x )|da:+hmsup/ |Vwy,(z)| dx
Q

n—oo

< |Du|( /|p — Tru(z)| dHN

Similarly, one can show that u, — u in L'(Q;RM); thus, the sequence {u,}nen has all the
desired properties. O

2.2. Sharp trace inequalities. In this subsection we record some fundamental results con-
cerning the attainability of a trace inequality of the form

/ I Tru(z)| dHN 1 < Q|Dul(Q) + C/ |u(z)| dx, (28)
o0 Q

where ) and C' are positive constants, independent of u. Furthermore we discuss the existence
of an optimal constant @), denoted below by Qaq, and report its explicit value for certain
geometries. A refined version of inequality (28), where the local geometry of the set 2 is taken
into consideration, is also presented below (see Lemma 2.11).

In the classical paper [3], Anzellotti and Giaquinta identified necessary and sufficient condi-
tions that characterize the class of sets for which the trace operator is well defined and continuous
with respect to strict convergence in BV. Roughly speaking, the sets which satisfy these condi-
tions are the ones for which an inequality of the form (28) holds. Before we state their precise
results, let us remark that the definition of gy (see Definition 1.3) can be readily extended to
include the case where 2 is a Caccioppoli set. Moreover, throughout the following we let

Qoo = sup {qaa(r) : v € 00} . (29)
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U |4

FIGURE 1. An example of two domains with the same Lipschitz constant, but
different trace embedding constant. Indeed, Qo = 1 and Qay = v/2.

The following theorem gives a precise connection between the constant Qg and the trace in-
equality (28). For a proof we refer to Theorem 4 and Theorem 5 in [3].

Theorem 2.9. Let Q be an open subset of RN with HY~1(09) < 0o and Qpq < 0o. Then, for
every € > 0 there exists C(Q,¢) > 0 such that

/ ITru(z)| dHYN ™1 < (Qoq + €)|Dul(Q) + C(Q,s)/ |u(zx)| dz (30)
FQ Q

for allu € BV(Q;RM). Here FQ denotes the reduced boundary of Q. Moreover, if in addition
is bounded and satisfies |D1g|(RY) = HN=1(0Q), then an inequality of the form (28) holds true
if and only if Qya < 0o. In particular, Qaq is the infimum among all the constants @ for which
there exists C' with the property that a bound of the form (28) holds for every u € BV (;RM),

Remark 2.10. Note that, roughly speaking, the value of ggo(x) quantifies the best way to
locally encapsulate 02 with a set F in a neighborhood of . The function gy, and consequently
the constant Qaq, can be computed explicitly (or at least estimated) in several cases of interest.
We record some of these computations below.
(i) If 99 is of class C'! in a neighborhood of = then gyq(x) = 1 (see Proposition 1.4 in [18]).
(73) Let N = 2 and assume that Q := {(x1,22) : x2 > ¢|z1|}. Then (see at the end of Section

1in [18])
_JV1I+2 il >0,
‘m(o)_{ 1 if £ < 0.
In particular, it is interesting to notice that QQgq can be strictly smaller than the Lipschitz
constant of the domain (see Figure 1).
(iii) If Q is an open subset of RY with uniformly Lipschitz continuous boundary, then we
have Qgo < oo (see, for example, Theorem 18.22 in [21]).

The following lemma is due to Giusti (see Lemma 1.2 in [18]).

Lemma 2.11. Let Q be a bounded open subset of RN with Lipschitz continuous boundary. For
every € > 0 and every continuous function s: 92 — [0,00) such that

s(x)gaa(r) <1—2¢ (31)
for all z € 0N, there exists a constant C (82, e, s) > 0 with the property that for allu € BV (£; RM)
we have

s(x)|Tru(z)] dHN 1 < (1 —€)|Dul(Q) + C(Q, &, 5) / |u(z)| dx.
o0 Q
Proof. Fix § > 0 such that
5(|Isll o< (a0) + Qo) + 6 < €. (32)
By the definition of gsn (see Definition 1.3), for each z € 92 we can find R, > 0 be such that
for every E C B(z, R,)

/8 TeLp(@) %Y < (@az) + )DL, (33)
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Moreover, since by assumption s is continuous, by eventually replacing R, with a smaller number
we can assume that s(x) < s(z) + 0 for all z € B(z, R,). Assume first that v € WH1(Q;RM) N
C(€; RM) and that its support is contained in the ball B(z, R.). Then, by the layer cake formula,
(33), and the coarea formula we get

[ @an = [T e 00 fu(o)] > ) at
o0

/ / Ly >ty (x) dHN ~1dt

< (gon(2) + ) /0 DLy | ()
~ (an(2) +0) [ WY (€ 9 futo)] = 1)

0
= (apa(2) +0) /Q V()| d. (34)

Therefore, combining (31), (32), and (34) we arrive at

/ s(x)u(z)]| dHY 71 < (s(2) + 6)(gan(z) + (5)/ |[Vu(x)|dr < (1 — 8)/ |[Vu(x)|dz. (35)
o0N Q Q

To remove the assumption that the support of w is contained in B(z, R,), we consider the
collection of sets {B(z, R.)}.con and extract a finite cover of 0€2, namely {B;}i<k. Let {1;}i<k
be a partition of unity on 02 subordinated to { B; }i<x. We can then apply (35) to each u; := u;
and conclude as in the proof of Theorem 2.4. The estimate for a general function u € BV (Q; RM)
is a direct consequence of Lemma 2.6. U

In view of Remark 2.10 (i), if 9 is of class C' we may then take Qpq = 1. This result
appears also in a more recent paper by Motron (see Theorem 2.7 in [26]), where it is derived
from the following local version of (30). As a note to the reader, we believe it is important to
mention that the cited result is stated for a domain € that is bounded and piecewise of class C1.
However, this is not true in general as shown by (a suitable modification of) Modica’s example
in the square (see Remark 1.3 in [25]; see also (E.1)).

Proposition 2.12. Suppose U == {x = (2, zn) : xx > f(2)}, where f: RN~1 = R is of class
Cl. Then, for every u € BV (U;RM) we have

/8 @)Y < TV i Dul (U

The next lemma can be regarded as a Gauss—Green formula for vector-valued BV functions

in a regular domain with boundary of class C*! (compare it with Theorem 2.3; see also Lemma
2.1 in [13]).

Lemma 2.13. Let Q be a bounded open subset of RN and assume that 09 is of class C1'. Then
there ezists p € COL(RN: RN with |¢(x)| < 1 in Q such that for any u € BV (; RM)

/aQ Tru(z) dHY ! = /Q ¢(z) - dDu(z) + /Q divep(z)u(z) dz.

Proof. By Theorem 5.7 in [8], it follows that the normal vector field to 02 admits an extension,
namely @, that is of class C%! in a neighborhood of 92, where it also satisfies |@(x)| < 1. The
desired result follows by an application of Theorem 2.3 with ¢ := n@p, where 7 is an opportunely
defined cut-off function. O

The following is a direct consequence of Lemma 2.13.
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Theorem 2.14. Let Q be a bounded open subset of RY and assume that O is of class C™L.
Then there exists a constant C(Q) > 0 such that

/ ITru(a)| dHN ! < |Du|(Q)+C(Q)/ ()| da
o0 Q

holds for every u € BV (Q;RM).

Proof. Let u € WHH(Q;RM) N C(Q;RM) and set v(x) := |u(z)|. Then v € WH1(Q) N C(Q) and
by Lemma 2.13 (applied to the scalar-valued function v), we obtain

/a . lu(z)|dHN ! = / o(z) dHN 1

o0

:/@(%)-V?}(l’) da?+/divcp(x)v(x) dx

Q Q

< [ Vool o+ vl g [ fule)] da
< [ IVul@)lde + ldivples, [ fula)]de.

This shows that the desired inequality holds for every u € W11(Q;RM) N C(Q;RM). The
estimate in the general case follows from an application of Lemma 2.6. O

Remark 2.15. The proof of the liminf inequality, as presented in the next section, relies heavily
on the trace inequalities provided by Lemma 2.11 and Proposition 2.12 for the case of almost
C' domains (see Proposition 3.2), and Theorem 2.14 for domains with boundary of class C1:!
(see Proposition 3.1).

It is worth noting that while Qs = 1 even when 052 is only of class C'!, Theorem 2.14 shows
that, with some additional regularity on 95, it is possible to choose the constant C'(£2,¢) in
Theorem 2.9 in such a way that

limsup C(,¢) < 0.
e—0t
This discrepancy is reflected in the assumptions of Theorem 1.4. Indeed, for domains with
boundary of class C1! we only require that | L]l oo (90) < o, while for domains of class Ct (or

C1* with a € (0,1)) condition (12) is equivalent to ||L| 0 a0) < o-

2.3. Carathéodory integrands and Scorza Dragoni’s property. The purpose of this sub-
section is to specify the class of surface energy densities 7 that we consider in the core sections
of this paper. We begin by recalling the notion of Carathéodory integrand.

Definition 2.16. Let Q be a bounded open subset of R with Lipschitz continuous boundary
and let 7: 902 x RM — [—00,00). We say that 7 is Carathéodory if:

(i) for HN"l-a.e. x € 99, the function 7(x,-) is continuous;
(41) for every p € RM the function 7(-,p) is measurable.

Notice that since OS2 coincides locally with the graph of a Lipschitz function, this notion can
be reconducted to that given, for example, in [14]. In addition to several of the tools that were
introduced above, our proof of the limsup inequality will also make use of the following version
of Scorza Dragoni’s theorem.

Theorem 2.17. Let Q be a bounded open subset of RN with Lipschitz continuous boundary and
let 7: 90 x RM — [~00,00) be a Carathéodory function. Then, for every e > 0 there erists a
compact subset of 0Q, namely C-, such that HN~1(0Q\ C.) < € and with the property that the
restriction of T to C. x RM s continuous.
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3. LIMINF INEQUALITY

This section is dedicated to the proof of the liminf inequality. We begin by addressing the
case of a regular domain with boundary of class C%!. Our proof is reminiscent of the work of
Modica [25].

Proposition 3.1. Let Q be a bounded open subset of RN with boundary of class C%'. Given a
nonnegative function ¢ € LY(9), o > 0, and a continuous function L: 0Q — [0,00) such that
L[| oo (a0) < 0, let 71 OS2 x RM — [—o0, 00) be a Carathéodory function as in (6). Furthermore,
let F and H be defined as in (7) and (10), respectively. Then, for every u € BV (Q;RM) and
every sequence {un nen of functions in WHH(Q; RM) such that u, — w in L' (Q;RM), we have
that

lim inf F(uy,) > H(u).

n—oo
Proof. Eventually extracting a subsequence (which we do not relabel), we can assume without
loss of generality that
liminf F(u,) = lim F(u,) < co.
n—oo n—oo
Then, by recalling the definition of 7 (see (9)) we deduce that

/ 7(x, Tru, (z)) — 7(z, Tru(z)) dH¥ 1 > 0/ | Tr wy () — Tru(z)| dHN L,
o0 oN

and we therefore obtain

F(up) — H(u) = o|Duy|(R2) — o|Dul(Q) + /89 T(z, Truy(z)) — 7(x, Tru(x)) dHN 1

> o <\Dun\((2) 1 Du|(@) — /m Trup(z) — Tru(a)| d”HN_1> .

In turn, to prove the desired inequality it is enough to show that

liminf G,, > 0, (36)
n—oo
where
Gn = | Duy,|() — | Du|(Q) — / | Tr up (z) — Tru(z)| dHN L (37)
o0

To this end, for each v > 0 we let 0, = {& € Q : dist(z,0Q) > v} and we select an open set
U, with boundary of class CY1 such that Qy, C Uy CQyp. Finally, let V, == Q\ 77 Then
O C OV, and 9V, is of class C11. Therefore, an application of Theorem 2.14 yields

/ ITr () — Tru(z)| dHY L < / T () — Tru(z)] dHY 2
o0 v,

< 1Dy = w)(V3) + C(V:) [ uao) — u(a) o

Consequently, we get

Gn = |Dun|(€) = [Dul(2) — [D(un — u)|(V5) — C(Vw)/v |un () — u(z)| de, (38)

and we furthermore notice that
Zy, = [Dup|(2) — [Dul(Q) — [D(up — u)|(V5)
= [Dun[(Q\ V) — [Du|(Q\ V,) + | Dun|(Vy) — [Dul(V;, N Q) — [D(uy — )| (V)

> [Dup|(Q\ V5) = [Du|(Q\ V5) = 2|Du|(V;, N Q). (39)
Thus, combining (38) and (39) with the fact that u, — u in L'(Q;RM) yields
liminf G, > liminf Z, > —2|Du|(V, N Q), (40)

n—oo n—o0
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where in the last step we have used the lower semicontinuity of the total variation with respect
to convergence in L*(Q\ V;; RM). Finally, since u € BV (Q; RM), letting v — 0 in (40) we arrive
at (36). This concludes the proof. (]

The reminder of this section is devoted to showing that, under a more stringent assumption
on the function L in the lower bound for 7 (see (6)), the liminf inequality continues to hold also
for domains 2 whose boundaries are either of class C' or almost of class C*.

Proposition 3.2. Let Q be a bounded open subset of RN and assume that 0 is almost of class
Cl. Given a nonnegative function ¢ € L*(09), o > 0, and a continuous function L: 02 — [0, o0)
such that | L|| 90y < o, let 7: 900 x RM — [—00,00) be a Carathéodory function as in (6).
Let F and H be defined as in (7) and (10), respectively. Furthermore, assume that there exist
@€ WL RM) as in (11) and g9 > 0 such that for all x € O
L(z)goa(z) < (1 — 2¢0)0,

where qpq is given as in Definition 1.5. Then, for every u € L'(;RM) and every sequence
{un}nen of functions in WH(Q; RM) such that u, — u in L' (Q;RM), we have that

lim inf F(uy,) > H(u).
n—oo
We begin by proving two preliminary lemmas.

Lemma 3.3. Under the assumptions of Proposition 3.2, let {u,}nen C€ WHH(Q;RM) be such
that u, — u in LY(Q;RM) and
lim inf F (u,) < oo.

n—oo
Then u € BV (Q;RM) and {uy}nen admits a subsequence, namely {un, }ren, which is bounded
in WHHQ; RM). In particular, Up, converges to u weakly-+ in BV (S RM),

Proof. Eventually extracting a subsequence (which we do not relabel), we can assume that
K = liminf F(u,) = lim F(uy).
n—oo n—oo
Notice that by Lemma 2.11 we have
/ ()| Tr un ()| dHY L < (1 — eo)a/ Vun (2)] dz + o C(Q, 20, L/a)/ ()| dz. (41)
a0 Q Q

Consequently, using (6) and (41) we see that for every n sufficiently large

K+1> F(uy,) = O'/ |V, (x)| de +/ 7(x, Tru, (z)) dHN 1
Q o0

>0 / Veun ()] dez — |lell 1 o0 — / L(2) | T ()] dHN !
Q o0

Zaso/g\Vun(m)]dac— lelloon —UC(Q,go,L/a)/Qyun(x)\dx.

Since u, — u in L'(Q;RM), we readily deduce that for some 7 € N

sup {/ |Vuy(z)|de :n > ﬁ} < 0.
Q

Hence {uy, }n>7 is bounded in W11 (Q; RM). The rest of the proof follows by standard arguments
(see, for example, Proposition 3.13 in [2]). O

Lemma 3.4. Let Q be a bounded open subset of RN with Lipschitz continuous boundary. Given
a nonnegative function ¢ € LY(0Q), o > 0, and a continuous function L: 9Q — [0,00) such
that || L p=(o0) < o, let 7: 90 x RM — [—00,00) be a Carathéodory function as in (6). Let
F and H be defined as in (7) and (10), respectively. Furthermore, assume that there exists
@ € WHY(QRM) such that F(@) < co. Then we have:

(i) (-, Tra(-)) € L*(09);
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(i3) 7(,v(-)) € LY0RQ) for all v € LY(0Q;RM) and in particular H(u) is finite for all
u € BV (Q;RM).
Proof. Denote with 7+ and 7~ the positive and the negative part of T, respectively, so that
T(@,p)=7"(w,p) — 7 (x,p)  and  [r(z,p)|=7"(z,p) + 7 (z,p).

Then it follows from (6) that 7= (-,v(-)) € LY(0Q) for all v € L'(99;RM), and moreover,
recalling that by assumption F (i) < oo, we have

. N-1
00 > /69 7(z, Tra(z)) dH
- / Ha, Tri(e)) — 7 (2, Triz)) dH L
o0

2/ T+($,Tr71(:v))d7-[N1—Hc||L1(8Q)—U/ | Tr a(z)| dHN L.
o0 o0

Since this shows that 7+ (-, Tra(-)) € L'(99), statement (i) readily follows.
On the other hand, since
|7 (2, p)| < max{c(z) + olpl, |7(x, p)|}

for HVN"la.e. z € Q and for all p € RM | we obtain that also 7(-, Tri(-)) € L'(99). Therefore,
for all v € L1 (0Q; RM) we have that

/ |%(:c,v(a:))\d7—[N1§/ (2, v(z)) — #(z, Trii(e))] + [#(@, Tr i) diN
o0 o0

g/ olo(x) — Tri()| + [z, Tra(@)| dHY L < oo, (42)
a0
This concludes the proof. O

Proof of Proposition 3.2. Notice that by eventually extracting a subsequence (which we do not
relabel), we can assume without loss of generality that

liminf F(u,) = lim F(uy) < oo.

Then, in view of Lemma 3.3, we have that u € BV (€;RM) and furthermore we can find a
positive number A such that

/Q Vitn ()] dz < A (43)

for every n large enough. We divide the rest of the proof into two steps.

Step 1: Assume first that 99 is of class C!, so that Qgn = 1 (see Remark 2.10 and (29)).
Reasoning as in the proof of Proposition 3.1, our aim is to show that liminf, ,., G, > 0, where
Gy, is defined as in (37). To this end, as in the previous case, we proceed to find an open subset
of Q\ Q, with boundary of class C!, namely V,, such that 9Q C dV,. Then, since we are no
longer in a position to apply Theorem 2.14, we deduce from Theorem 2.9 (see also Remark 2.10
and (29)) with Qay, = 1 that for every ¢ > 0 it holds

Gn 2 [Dun|(Q) — |Dul(Q) = (1 + &)[D(un — w)[(V5) = C(Vme)/v |un () — u(z)| dx.

In turn, for every n sufficiently large we obtain
T = [Dunl(Q) — |Dul(©) — (1 + ) D(un — w)|(V5)
> [Dug(2\ V) — |Dul(@\ V3) — eA — (2 + &)| Dul(V; 1 ©),
where A is given as in (43). Therefore, combining the previous inequalities we get

liminf G, > liminfZ,, > —eA — (2 + ¢)|Du|(V; N Q).

n—oo n—o0
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Finally, letting e, — 0 concludes the proof in this case.

Step 2: In this step we address the general case of a domain with boundary almost of class C*,
in the sense of Definition 1.1. Fix ¢,y > 0. Reasoning as in the proof of Theorem 2.4, we can
find two finite collections of points, namely {y',...,y‘} € S and {z',...,2*} C 90\ S, with
the following properties:

(P.1) there are positive constants v1,...,7s, with 7; < =, such that

l
Yot < (44)
=1
and
g .
S By = JBW w); (45)
=1

(P.2) for each j € {1,...,k} there exists an open neighborhood of 27, namely V;, such that
V; C {z € RY : dist(z,09) < v} and (up to a rotation) 92N V; coincides with the graph
of a function of class C'! with gradient uniformly bounded from above by «.

(P.3) the collection of sets in (P.1) and (P.2) forms a covering of 0f, that is

k
oo cB,ulJV;
j=1
In view of (P.3), there exists an open set U, C € such that

k
Qcu,uB, UV
j=1

Let {@W,{?/)f}igg,{wj}jgk} be a partition of unity on € subordinated to the open covering
{U,, {B(y",7i) }i<e; {Vj}j<i} and denote by & the excess contact energy, that is

E(up,u) = /ag 7(x, Tru,(z)) — 7(z, Tru(z)) dHY L. (46)

With these notations at hand, we can write

k
—0 i(x Up(x) — Tru(z N—1
E (tin, ) > ;/@Qw )Tt () — Tr ()| dH

¢
+ Z - ¥$ () [T (2, Trun(x)) — 7(x, Tru(z))] dHN 7Y, (47)

and proceed to estimate each term on the right-hand side separately. To begin, we claim that
for each j € {1,...,k}

[ @) @) = Tt < +s>( | s@ve@lds+ [ o@D

190y | Jun(o) — (o)l o). (38)
Notice indeed that in view of (P.2), an application of Proposition 2.12 yields
/B () T ) Tru(a) MY < (L4 €) Dy s = )| (@),
Moreover, since by Leibniz’s formula

D(3j(un —u)) = ;D (up — u) + (un —u) @ Vi LY,

we see that
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D~ )l < [ 0@ Vau(a)ldo + [ by(a) dIDul(@)
0 ) [ (o) = ula)ldo. (49
and (48) readily follows. Similarly, we claim that for every i € {1,...,¢} we have
| B@uS @) Trun@) = Tru@) ¥ < (1= 20)o | 05 @)l Vug(a)] do
+(1=c)e [ 6@ d Dl

+ C(Q,e0, Lo, 0% /Q up () — u(z)| dz, (50)

where
C(Qe0,L/o,0f) = 0C(Q 20, L/0) + VUL || Lo (B(yi o))
Indeed, an application of Lemma 2.11 yields

/8 L@ @[T () = Tru(w)] a1 < (1= c0)o DS (= 0)[()

+ 0 C(9Q, 20, L)) /Q lun(z) — u(z)| dz, (51)

and (50) follows from (51) with similar computations to those in (49). Using the fact that for
every such i

Y2 ()7 (2, Trup () dHY !
oN
> [ (@) (~e(2) = L(@)| Trug ()]) dHV
o
> [ S @)(-clo) - LT (o) - Trada)] - L) Truta)) an¥
together with (47), (48), and (50), we deduce that

E(uin, ) > —(1+€)o ( /Q (1 =4 (@))|Vun ()| di + /Q (1 — (@) d\Duu:c)) T+ Q(ny), (52)

where

k Y/
O(n,) = - ((1 90 S 196 iy + S G, 0, Lo, wf>) | finfa) = ula)| o
j=1 i=1
Y/
3 [ 4@ o) + L@ Tru(e)| + 7o, Tru(@) dH . (53)
S o0
Consequently, it follows from (52) that

Flup) —H(u) = O'/Q |Vun(x)| de — o|Du|(2) + &€ (un, u)
>(1+ e)a/gi/ﬂ(:vﬂVun(x) dx — o|Du|(2) — ae/Q |Vuy,(z)| de

~(+e)o /Q (1 - () d|Dul(x) + Q(n, 7). (54)

Using the fact that, in view of (P.1) and (P.2), 7 = 1in , = {2 € Q : dist(x, 9Q) > 7}, from
(54) we obtain that
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F(up) —H(u) > 0o </ |V, (x)| de — \Du|(QW)> — 05/ |Vuy(z)|dx

Q Q
— (2 +&)a|Dul(Q\ Q) + Q(n,7). (55)

Consequently, by (43) and (55), together with the lower semicontinuity of the total variation
with respect to convergence in L*(€,; RM), we obtain

hII_l)iIlf F(un) — H(u) > —oeA — (2+¢€)o|Du|(Q\ Q) + lirginf Q(n,~). (56)

Y

Since u, — v in L'(Q;RM), from (45) and (53) we see that
hmlnf Q(n,) Z (z) + L(z)| Tru(z)| + 7(z, Tru(z))) dHY 1

> — / c(x) 4 o|Tru(z)| + 7(x, Tru(z)) dHY 1. (57)
o0NB

Notice that by Lemma 3.4 and the fact that HN=1(0Q N B,) — 0 as v — 0 (see (44)), an
application of Lebesgue’s dominated convergence theorem readily yields

lim c(x) + o| Tru(z)| + 7(z, Tru(z)) dHY ! = 0.

70 Jaons,
Thus, since u € BV (Q; RM), the desired result follows from (56) and (57) by letting &,y — 0.
This concludes the proof. U

4. LIMSUP INEQUALITY

To conclude the proof of Theorem 1.4, we are left to show the existence of a recovery sequence.
Unlike for the liminf inequality, in this case there is no difference in the proof for sets with C'!
or almost C'' boundary. This is achieved by the following proposition.

Proposition 4.1. Let Q be a bounded open subset of RN and assume that 09 is almost of class
C'. Given a nonnegative function c € L*(0Q), o > 0, and a continuous function L: 9 — [0, 00)
such that ||L|| 190y < o, let 7: 99 x RM — [—00,00) be a Carathéodory function as in (6).
Let F and H be defined as in (7) and (10), respectively. Furthermore, assume that there exist
@ € WHL(Q;RM) as in (11). Then, for every u € LY (§;RM) there exists a sequence {u, ynen of
functions in WHHQ; RM) such that u, — u in L*(Q;RM) and
lim sup F(up,) < H(u).
n—oo

Before proceeding with the proof of the limsup inequality, we show that the desired result

holds whenever it holds under certain additional assumptions.

Lemma 4.2. For the purpose of proving Proposition 4.1, it is not restrictive to assume that:
(1) uw € WHHQ;RM) N C(Q; RM);
(@) [|Lze(a0) < o

Note that the second item in the lemma plays a role only in the case of sets of class C'1'!, for
which we only assume || L[|~y < o (see Theorem 1.4).

Proof of Lemma 4.2. We divide the proof into two steps.

Step 1: Without loss of generality we can assume that H(u) < oo, since otherwise there is
nothing to do. Thus u € BV (;RM), and the proof of statement ( ) follows by a diagonal
argument; we present here the details for the reader’s convenience. Fix v € BV (;RM) and let
{vn}nen be given as in Lemma 2.6. Then, for every € > 0 there exists n(e) € N such that for
every n > n(e) we have

H(vp) < H(u)+e  and /Q |on(z) — u(x)| dx < e. (58)
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For every n € N, let {vy, ;}ken C WHL(€; RM) be a recovery sequence for vy, i.e., Upk — Up I
LY (Q;RM) as k — oo and furthermore
lim sup F (v, ) < H(vy).
k—o0

Then, for every n € N we can find k,, € N with the property that

F (Un,) < H(vp) —|— — an / [V &, () — vp ()| do < (59)

S

Set uy = vy, k, and observe that by 58) and (59) we have

1
/|un —u( dx</|vnk vn(az)]dx—l-/\vn(a:)—u(mﬂdxﬁ—l—e
QO n

whenever n > n(e). In particular, by letting first n — oo and then € — 0, we see that u,, — u
in L'(Q;RM). Similarly, since

1 1
Fup) < H(vyp) + - < H(u)+e+ o

we readily obtain that
limsup F(uy,) < H(u) + ¢

n—oo
Once again, letting ¢ — 0 yields the desired result.
Step 2: For k € N, we let 75,: 992 x RM — R be defined via

1
7(2,p) = 7(z,p) + £ pl-
As one can readily check, 7 satisfies a similar lower bound to (6), with L replaced by
1
Ly(z) = L(z) — T
Since || Lkl 1o (90) < o, we have that for every u € BV (€;RM) there exists a sequence {uf }nen
of functions in W1 (€; RM) such that u¥ — u in L'(Q;RM) as n — oo, and

limsup}"k(uﬁ) < o|Dul(©) +/ %k(x,u(x))d’HNfl,
o0

n—o0

where Fj, is the functional obtained by replacing 7 with 75, in the definition of F (see (7)).
Similarly, for every x € 99, 7x(z,-) is defined as the o-Yosida transform of 7 (see (9) for the
precise definition). We claim that 7 (z, u(z)) — (2, u(z)) for HV t-a.e. x € 9. Indeed, if we
fix 6 > 0 and let p, be such that

Tz u(@)) + 6 = 7(x,pz) + olpas — ul)],
then, for HN"l-a.e. z € 90 we have

N N . 1
(2, u(z)) < 75(z, u(@)) < (2, Pa) + 0lpo — u(@)| < 7(2, u(x)) + [Pl + 6. (60)
The claim readily follows by letting first & — oo and then § — 0. Let @ be given as in (11);
then, for HN"l-a.e. z € O we have that
—c(z) —olu(@)] < 7p(z,u(z)) < (@, Tra(z)) + olu(z) — Tra(z)|

= 7(x, Tra(x)) + %|Trﬂ(x)| + olu(x) — Tra(z)|,

and therefore there exists a function g € L'(9Q) such that |7 (z,u(x))| < g(z) holds for HV~1-
a.e. x € 00). In turn, by Lebesgue’s dominated convergence theorem we have that

lim [ #(x,uz))dHV " = / 7z, u(z)) dHN L.
k=00 Jon o0

Since F < Fp, the rest of the proof follows by a standard diagonal argument, as in the previous
step; we omit the details. O
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Proof of Proposition 4.1. In view of Lemma 4.2, throughout the proof we can assume that
IL||00) < o and furthermore, we fix a function u € WHH(QRM) N C(Q;RM). We di-
vide the proof into two steps.

Step 1: Let 7 be given as in (9) and notice that since both 7 and 7 are Carathéodory functions,
by Theorem 2.17 we have that for every 1 > 0 there exists a compact set C,, C 9, with

HN_l(aﬂ \ Cﬂ) S 7,

such that the restrictions of 7 and 7 to C), x RM are real-valued continuous functions. Assume
without loss of generality that ||c[[z1(50) > 0 and let

C~'n =CyN{z€d:c(z) <A, = nil“CHLl(aQ)}.
Then, as one can readily check, we have that
HNL 90\ C,) < HN L0\ Cp) + HY L ({z € 90 - c(x) > A,}) < 21 (61)

Finally, by the regularity of the Hausdorff measure and in view of (61), we can find a compact
set D, C C, such that
HYH 992\ Dy) < 31 (62)

and with the property that (6) holds for every x € D,,. The purpose of this step is to show that,
if u is given as above, for every € > 0 there exists a measurable function p;,: 02 — RM with
the property that for every x € D, we have

Tz, u(r)) + & > 7(2, pe () + olu(z) — pey(o)]. (63)
To prove the claim, notice that if p € RM is such that
T(z,u(z)) + 1> 7(x,p) + olu(z) — pl, (64)
then (6) implies that
olu(z) —p| + olu]
Fa,u(@)) = 7(z,p) + 1+ olu(z)]
7z, u(z)) + c(x) + L(z)|pl + 1 + ofu(z)].

alpl

(VAN VARVAN

Therefore, for every x € D,, we have
{o —|ILl| L @0) } Ip| < Ay + 1+ max {7(z,u(z)) + olu(z)| : z € Dy}.

In particular, we have shown that there exists a positive number R, such that if x € D,, and p
satisfies (64), then |p| < R,. Next, observe that since u is continuous on the set D, so is the
map x — 7(-,u(-)); in turn, both maps are uniformly continuous in D,,. Similarly, 7 is uniformly
continuous when restricted to the compact set D, x B(0, R,). Thus, for every € > 0 there exists
a number ¢ > 0 such that for every x € D,,, every y € B(x,d) N D), and every p € B(0, R;)) we
have

olu(z) —u(y)| < 5, (65)

(7w, ulw) = 7y, u(m)| < (66)

Ir(@,p) =Ty p)| < 7. (67)

Once again, form the compactness of D,, we see that there exists a set of points {x',...,2F} C D,

such that D, is contained in the union of the balls {B(27,8)},<;. By definition of 7, for every

j€{l,...,k} we can find p; € B(0, R,)) with the property that

#2?, u(z?)) + Z > 7(a7, pj) + olp; — u(a?)]. (68)
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Then, in view of the inequalities in (65), (66), (67), and (68), for every = € B(z7,8) N D, we
have

#a,u(2)) 2 72, ulad)) - [#(a,u(2)) - #a, u(@))|
> (2l p;) + olp; — u(@’)| - 5
w(w,p;) = |7(a?,p;) = 7(2.p;)| + olp; = u(@)| - olu(a?) — u(x)| - -
7(x,pj) + olpj — u(@)| —e. (69)

Let p.,, be defined via
p1 if z € D, N B(x!,0),
Pen(r) =14 p;  ifx€DyNB(2I,8)\ U Ba',0),
Tra if x € 0Q\ Dy,
where @ is given as in (11).
Step 2: In this step we carry out the construction of an approximate recovery sequence for u.
Observe that the function p.;, defined in the previous step belongs to the space LY (0Q; RM);

consequently, by Lemma 2.8 we can find a sequence {u, }nen of functions in W1 (Q; RM) with
trace pe,,, such that u, — u in L}(Q; RM) and

limsup/ \Vun(a:)|dz§/ ]Vu(x)\d:c+/ lu(z) — pey(2)| dHN L.
Q Q o0N

n—o0

In turn, by (63) we have that

lim sup F (uy,) < / o|Vu(z)| dz —I—/ (2, pe () + olu(z) — pey(x)| dHN
n—00 Q a9
< H(u) + R(e,n),
where
R(e,n) = eHN (D) + / olu(z) — Tra(z)| + 7(x, Tra(z)) — 7(z, u(z)) dHV L.
89\ D,
As one can readily check, Lemma 3.4 and (62) imply that
lim lim R(e,n) =0.

e—0t n—0t

This concludes the proof. O

Remark 4.3. The first step in the proof of the Proposition 4.1 can be simplified significantly
if 7 is independent of x. Furthermore, in this case it is enough to require that 7 is only Borel
measurable. Indeed, for a given function v € WH(Q; RM) N C(Q; RM) and ¢ > 0, our aim in
this case is to find an integrable function p.: 9Q — RM with the property that

T(u(x)) + & = 7(pe(2)) + olu(z) — p-(2)| (70)
for HVl-a.e. z € Q. Reasoning as above, we can find a positive number § such that o|u(z) —
u(y)| < e/3 whenever |z —y| < 4, a finite number of points {z!,... 2*} C 9Q with the property

that {B(27,0)};<k is a covering of 9, and finally points p; € RM such that
Hu(e) + £ > (o) + olu(e?) .

The condition in (70) follows from similar computations to (69), provided p. is opportunely
defined to be a simple function taking only values in {p1, ..., px}. Furthermore, in this case, the
approximation in Lemma 4.2 (7i) is no longer needed, even when € is a smooth domain with
boundary of class O,



RELAXATION OF BULK AND CONTACT ENERGIES 25

5. FURTHER GENERALIZATIONS AND REMARKS

In this final section, we discuss how to suitably modify the arguments presented above in order
to obtain two variants of Theorem 1.4. The first and main result of the section concerns the
possibility to extend our analysis to include surface densities that are not necessarily continuous
in the second variable. Lastly, we examine the case of a general Lipschitz domain under rather
strict assumptions on 7.

5.1. Normal integrands. In this subsection we prove that, under a mild integrability condi-
tion, we can further relax the regularity assumptions on the surface energy density 7. To be
precise, throughout the following we assume that 7: 9Q x RM — [~00, 00) satisfies:

(N.1) 7 is 2(0Q, HN™1) x B(RM)-measurable, where £(9Q, H¥~1) and B(RM) denote the
o-algebra of Hausdorff measurable subsets of 9Q and the Borel o-algebra on R re-
spectively;

(N.2) 7(z,-) is upper semicontinuous for H¥l-a.e. x € 9.

Let us remark that if in condition (i7) we replace upper semicontinuous with lower semicon-
tinuous, then the class of functions we obtain is commonly referred to as normal functions or
normal integrands in the relevant literature. This class is particularly well suited for problems
in the calculus of variations; we refer to [14] and [28] for more information on the subject.

For T as above, set

Mj(z) = max {Sup {T(ﬂ:,p) 'p € B(O,j)} ,0} .
Consider a partition of unity, namely {1} ;en, subordinated to the open covering {U;}jen, where
the sets U; are defined via
U1 = B(O, 2),
Uj=DB(0,7+1)\ B(0,j—1) forj>2,
and define

T(z,p) =) Mjsa(x)i;(p). (71)
j=1

Notice that T: 9Q x RM — [0, 00) is a Carathéodory function with the property that 7 < T
The main result of this subsection can be stated as follows.

Theorem 5.1. The conclusions of Theorem 1.4 continue to hold even if T fails to be Carathéodory,
provided that the following conditions are satisfied:

(1) 7 satisfies (N.1) and (N.2), i.e., —7 is a normal integrand;
(i1) there exists u1 € L' (05 RM) such that
T(-,u() € L1 (09),
where the function T is defined as in (71).
We begin by recalling a well-known approximation result, which states that every normal
integrand is the pointwise limit of an increasing sequence of Carathéodory functions (see, for

example, Remark 1 in [4] and Corollary 1 in [27]). A proof of this fact, adapted to our setting,
is included here for the reader’s convenience.

Lemma 5.2. Let 7: 0Q x RM — [~00,00) be as in (N.1) and (N.2). Then there exists a
decreasing sequence of Carathéodory functions, namely {7i}ren, such that ti(z,-) — 7(z,-)
pointwise in RM for HN"1-a.e. x € 9.

Proof. For T as in (71), let t(x,p) .= 7(x,p) — T'(z,p), set
ti(x,p) = sup {t(z,q) — klp —q| : ¢ € R},
and define
Tk(-’E,p) = tk(l’,p) + T(x,p)
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We claim that the sequence {74 }ren has all the desired properties. Indeed, it follows readily
from the definition that {74 }ren is a decreasing sequence of Carathéodory functions. Thus, to
conclude it is enough to show that 73 (z,-) — 7(x,-) for HN"l-a.e. 2 € 9. This, in turn, follows
from the fact that ¢(z, ) is upper semicontinuous for H¥!-a.e. x € 9Q. Indeed, for every such
x we have that t4(z,-) — t(x,-) pointwise in RM (see, for example, Lemma 5.30 in [14]). O

Proof of Theorem 5.1. Observe that the proof of the liminf inequality remains unchanged. Thus,
in the following we describe how to suitably modify the arguments presented in the previous
section. Let {7y }ren be given as in Lemma 5.2. Then, reasoning as in the proof of Lemma 4.2,
it is enough to show that

| intwate)) o [ @) an (72)
oN o0

for all u € L1(9Q; RM). To this end, let u € L' (92; RM) be given. As one can readily check (for
example, by reproducing the argument used in (60)), 7%(-,u(-)) — 7(-,u(:)) pointwise almost
everywhere in 9. Notice that for u; as in the statement, we have that 71(-,u1(:)) € L'(99).
Indeed, since t; < 0, for HV"l-a.e. x € 9Q we have that

—c(z) — olur(z)| < 1(x,ur () < m(x,u1(z)) = t1(z,ur(x) + T(x,ur(z)) < T(x,ui(x)).
In turn, reasoning as in (42), we see that 71(-,u(-)) € LY(9Q) for all u € L'(0Q;RM). In
particular, since
|7 (2, u(x))| < max {c(z) + olu(z)], |71 (2, u(x))[}

holds for HV"1-a.e. 2 € 0, we are in a position to apply Lebesgue’s dominated convergence
theorem and (72) readily follows. This concludes the proof. O

5.2. Lower semicontinuity on Lipschitz domains. We conclude with a brief discussion of
the case in which 2 is a general Lipschitz domain. To be precise, we show that the techniques
presented in Section 3 can be readily modified to show that F admits a lower semicontinuous
extension in BV (€;RM). The increased generality on the domain, however, comes with the
drawback that we significantly restrict the class of surface densities for which the result applies
to those which satisfy a certain Lipschitz condition. This is made precise in the following
proposition.

Proposition 5.3. Let Q be a bounded open subset of RN with Lipschitz continuous boundary.
Let 7: 92 x RM — [~00,00) be a Carathéodory function such that

7(z,p) = —c(x) — Blp| (73)

for HN"1-a.e. 2 € 9Q and for all p € RM, where ¢ € LY(09) is nonnegative and § > 0.
Moreover, assume that

IT(x,p) — 7(2,q)| < v(z)lp —ql (74)

for HN=L-a.e. x € 00 and for all p,q € RM | where : 92 — [0,00) is a continuous function.
Given o > 0, let qaq be given as in Definition 1.8, and assume that for some gy > 0

Y(x)gon(r) < (1 —2¢0)0 (75)

for all x € 9Q. Furthermore, let F and F be given as in (7) and (8), respectively. Then, for
every u € BV (Q;RM) we have that

F(u) = |Dul(Q) + / (@, Tru(z)) dH
o2

Proof. The proof follows from a nearly identical (but simpler) argument to that used in Propo-

sition 3.1 and therefore we omit it. O

Remark 5.4. Some comments on the assumptions of Proposition 5.3 are in order.



RELAXATION OF BULK AND CONTACT ENERGIES 27

(i) Condition (73) is only required so that F is well-defined. In addition, notice that if in
(73) we could replace the positive constant 5 with a continuous function L as in (12),
we would then also obtain that F(u) = oo for all u € L'(Q;RM)\ BV (Q;RM) by the
same argument used in Lemma 3.3. In turn, this condition is readily satisfied if, for
example, there exists ¢ € RM such that 7(-,¢) € L>(99Q). Indeed, this would imply that
for HVN 1 a.e. x € 09

7(2,p) = =lIT(, DllLeo0) = ¥(@)lp = al = =lI7(- @)l L=602) — ¥(@)lal —~(@)Ip,
and the desired result follows by (75).

(#4) An analogous condition to (75) was previously identified by Giusti (see [18]) in the
context of non-parametric surfaces of prescribed mean curvature, where it is customary
to assume that 7(x, p) = vy(x)p, for p € R.

(¢41) While on one hand Theorem 1.4 already shows that a much finer result holds for more
regular domains, it is worth remarking that a Lipschitz assumption of the form (75)
is also not optimal in the case of a general Lipschitz domain. Indeed, in [25] Modica
proved that for o = 1, if we let 7(x,p) := |p — ¢ (z)|, where ¢ € L1(9Q), then F is lower
semicontinuous on any Lipschitz domain.
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